Bremsstrahlung radiation is an important energy loss mechanism for energetic electrons in plasmas. In this paper we investigate the effect of bremsstrahlung radiation reaction on the electron distribution in 2D momentum space. We show that the emission of bremsstrahlung radiation leads to non-monotonic features in the electron distribution function and describe how the simultaneous inclusion of synchrotron and bremsstrahlung radiation losses affects the dynamics of fast electrons. We give quantitative expressions for (1) the maximum electron energy attainable in the presence of bremsstrahlung losses and (2) when bremsstrahlung radiation losses are expected to have a stronger effect than synchrotron losses, and verify these expressions numerically. We find that, in typical tokamak scenarios, synchrotron radiation losses will dominate over bremsstrahlung losses, except in cases of very high density, such as during massive gas injection.
I. INTRODUCTION
Energetic electrons are ubiquitous in plasmas, and bremsstrahlung radiation is one of their most important energy loss mechanisms 1 . At sufficiently high energy, around a few hundred megaelectronvolts in hydrogen plasmas, the loss associated with the emission of bremsstrahlung radiation dominates the energy lost by the fast electron through elastic collisions. Bremsstrahlung can also strongly affect electrons at somewhat lower energies, around a few tens of megaelectronvolts, particularly in high-density plasmas where the magnetic field is not too strong.
An important electron acceleration process, producing energetic electrons in both space and laboratory plasmas, is the runaway mechanism 2 . This requires an electric field of intermediate strength, parallel to the magnetic field in a magnetized plasma: it must be stronger than a critical field to overcome the friction force that fast electrons experience due to collisions 3 , while sufficiently weaker than the Dreicer field, above which the entire electron population will promptly be accelerated 2 . A fraction of the charged particles can then detach from the bulk population and accelerate to high energy, where radiative losses become important.
Disruptions in fusion devices can induce strong, timedependent electric fields, leading to the generation of runaway electrons (REs) with energies reaching several tens of megaelectronvolts -it has been proposed that runaway electrons in ITER 4 would be able to reach energies on the order of 100 MeV 5 . These electrons could severely damage plasma facing components. A key issue for ITER and other future tokamaks is therefore to increase the understanding of the dynamics of these relativistic electrons, with the specific goal of reducing their energy and destructive potential 6 . Previous studies [7] [8] [9] [10] [11] have shown that the energy carried away by synchrotron and bremsstrahlung radiation can be important in limiting the energy of REs. This effect is especially pronounced during disruption mitigation when large amounts of highatomic-number gas (e.g. neon or argon) is injected, leading to an increase in the effective charge of the plasma.
Kinetic modeling of electron runaway, accounting for the synchrotron radiation reaction, is required to obtain an accurate description of runaway electron distributions. Inclusion of the synchrotron radiation reaction has been found to both limit the growth rate of the RE population 12 and lead to the formation of non-monotonic features in the high energy tail of the distribution 10, 11, 13 . Similarly to synchrotron radiation, bremsstrahlung radiation is expected to change the fast electron distribution.
The reaction force on test particles has been extensively studied and it was pointed out that bremsstrahlung and synchrotron radiation are both effective in controlling the energy of runaway electrons 8, 9, 14 . A quantitative study of how bremsstrahlung affects the runaway electron distribution function, however, is yet to be carried out. In this work, we will recap the kinetic description of the bremsstrahlung process in optically thin plasmas. This serves to illustrate the physics involved, and also acts as a foundation for the derivation of a simplified model operator, valid for typical runaway scenarios and allowing a quantitative study of the effect of bremsstrahlung on runaway electron dynamics. This, together with a description of the linearized two-dimensional kinetic equation used in the study, is contained in Section II.
By extending the numerical tool CODE 15 , we will in Section III study the effect of bremsstrahlung on the distribution of electrons in 2D momentum-space. From the distribution we will deduce the impact on the evolution of the fast-electron population, as well as how the synergy between bremsstrahlung and synchrotron affect the dynamics. We show that, because of the sensitive interaction between synchrotron force and pitch-angle scattering 10 , a higher effective charge of the plasma does not tend to favor bremsstrahlung over synchrotron, unlike the results previously reported 8, 9, 14 . In particular we derive a simple rule-of-thumb for when bremsstrahlung is more important than synchrotron for the evolution of the runaway population, and verify its validity numerically. The plasma parameters considered in this work primarily reflect those of electron runaway in tokamak plasmas, but the validity of the model and the conclusions (presented in Section V) are applicable to a broader range of plasma parameters.
II. BREMSSTRAHLUNG RADIATION REACTION
The kinetic theory of inelastic processes is well understood, and is described in detail in monographs on the subject such as Ref. 16 . Yet, in this section we shall provide a brief but self-contained description of the kinetics of bremsstrahlung reactions, presented in a form that is suitable for the purposes of the present study.
Specifically, in this work, we consider fully ionized plasmas of arbitrary ion composition near equilibrium, but with a population of fast electrons present in the energy range 10 − 100 MeV, such as those produced for example by runaway acceleration in tokamak plasmas. In this energy range, reactions are accurately described only by relativistic quantum theory. In this picture (in lowestorder perturbation theory), bremsstrahlung is a binary interaction between two charged particles, resulting in the emission of a photon.
The frequency of the bremsstrahlung radiation is assumed to far exceed the plasma frequency, so that collective radiation effects can be neglected, and the plasma is assumed to be optically thin. These conditions impose no significant restriction; as the photon energies are primarily of the same order as the incident electron energy, they correspond to frequencies of the order f ∼ 10 15 Hz. The question of the optical depth will be briefly discussed in Sec. II A.
We start by describing the effect of binary interactions (also referred to as collisions) on the rate of change of the distribution function f a (t, x, p) of some particle species a at time t, position x and momentum p, defined such that n a (t, x) =´dp f a (t, x, p) is the number density of species a at x, and N a {V } =´V dx n a (t, x) is the total number of particles a in a volume V at time t. From now on we suppress the time-and space dependence of all functions as the collisions will be assumed local in spacetime, and we shall consider only spatially homogeneous plasmas.
A. Reaction rates
Bremsstrahlung reactions are inelastic Coulomb interactions in which a photon is emitted with 4-momentum k = (k/c, k), with k = c|k| denoting the photon energy and k the 3-momentum. The process can be fully described by a differential cross-section dσ ab = dσ ab (p 1 , p 2 , k; p, p ), determining the rate of interaction for collision events (p, p ) → (p 1 , p 2 , k). Here p and p 1 denote the momenta of particle a before and after the interaction, respectively, and similarly p and p 2 those of particle b. The case of elastic scattering corresponds to k = 0. The cross-section differential is over every degree of freedom of the process with the initial momenta p and p given, constrained by conservation of momentum and energy. This can formally be expressed as
A ab dp 1 dp 2 dk, (1) where the (often complicated) function A ab determines the numerical value of the cross-section. The above expression can be compared to Eq. (2.1) in Ref. 17 , where further details on manipulations of the bremsstrahlung cross-section are provided. After removing the delta functions by appropriate integration over any four of the coordinates (one for each conservation law), the remaining cross-section is a differential in five variables. One additional coordinate can be eliminated due to the azimuthal symmetry of the unpolarized scattering process around the relative velocity of the incident particles in the center-of-mass frame.
The change (dn a ) c,ab in the number density of species a due to collisions with particles of species b is given by 18, 19 dn a c,ab = f a (p 1 )f b (p 2 )ḡ ø dσ ab dp 1 dp 2 dt
Here
2 is the Møller relative speed, being the relativistic generalization of the relative speed v rel = |v − v |; it correctly reduces to v rel in the non-relativistic limit and in the rest-frame of one particle its value is the speed of the other. In Eq. (2), a bar denotes a quantity for which we have let p 1 ↔ p and p 2 ↔ p , i.e. dσ ab = dσ ab (p, p , k; p 1 , p 2 ), and similarly forḡ ø .
The collision operator C ab describing the rate of change of the distribution function at momentum p due to collisions is formally introduced with the definition
the integral to be taken over the variables indicated by Eq. (2) after factoring out the momentum volume element dp. Equations (2) and (3) fully determine the rate of change of the distribution function at momentum p due to collisions, and we can interpret the two terms in Eq. (2) as follows: The first term, the gain term, expresses the rate at which particles a are scattered into p from p 1 due to all possible interactions with particles b of momentum p 2 in reactions (p 1 , p 2 ) → (p, p , k). Likewise, the second term, the loss term, expresses the rate at which particles a are scattered away from p due to all possible interactions with particles b of momentum p , in
The differential cross-section can be split into separate contributions from elastic and inelastic scattering: dσ = dσ (elastic) + dσ (inelastic) . Elastic scattering between particles is described by elastic Coulomb collisions, as the plasma has been assumed to be fully ionized. The inelastic interactions are dominated by bremsstrahlung reactions 1 which will be the focus of the remainder of this section, and the form of the bremsstrahlung crosssection will be given in Section II C. It will be illustrative to briefly investigate the form of Eqs. (2) and (3) for the elastic and inelastic cases separately, to highlight the challenges in kinetic modeling of inelastic collisions.
Elastic Coulomb collisions -For elastic processes (k = 0), Eq. (1) leaves only two variables when integrated over the delta functions, allowing a differential cross-section of the form dσ ab = (∂σ ab /∂Ω)dΩ, with Ω representing two scattering angles that parameterize any elastic collision with given incident momenta. We may here apply the principle of detailed balance, corresponding to the time-reversibility of mechanical systems 20 or quantum-mechanically to the symmetry of the transition matrix, valid for all processes in the spin-averaged Born approximation 1, 21 . It expresses the symmetry of the reaction rates, and in the elastic case it takes the form 18 g ø dσ ab dp 1 dp 2 = g ø dσ ab dpdp .
This allows Eq. (3) to be immediately written on the symmetric form normally referred to as the Boltzmann collision integral 22, 23 ,
As elastic Coulomb collisions are often dominated by grazing (small-angle, distant) collisions, the Boltzmann collision integral above can be reduced to an operator of the Fokker-Planck form 24 . The Fokker-Planck operator we use to account for elastic collisions in the plasma is described in Section II D.
Bremsstrahlung reactions -For bremsstrahlung, the situation is different, and a collision operator on the same symmetric form as for the elastic case can not be found. By combining Eqs. (2) and (3) one can always form the collision operator
where we introduced the two cross-sections ∂σ/∂p and σ, obtained by integrating Eq. (1) over all remaining variables on the right-hand side. For elastic collisions, ∂σ/∂p would retain one of the delta functions, while for inelastic processes the collision operator must be given on the above form. C ab is in general an integral operator containing six to eight integration variables, depending on how easily ∂σ/∂p can be obtained. From a numerical point of view, evaluation of the bremsstrahlung cross-sections are often demanding due to large cancelations between terms in the limits of small emission angle or high or low photon energy. In addition, both ∂σ/∂p and σ are generally logarithmically divergent expressions in the low-photon energy contributions (physically corresponding to a large number of low-energy photons being emitted, carrying a finite total energy). While the last issue can be resolved by cutting the integral off at photon wavelengths comparable to the dimension of the system, the evaluation of the cross-section is often computationally expensive.
Due to the infeasibility of integrating a detailed description of the bremsstrahlung process into current kinetic-equation solvers (because of its computational intensity), we will in the next section introduce a simplified model of the bremsstrahlung collision operator in Eq. (3), retaining some of its essential physical features while neglecting others. This will allow efficient solution of a kinetic equation suitable for runaway electrons, letting us quantify the importance of bremsstrahlung in magnetized plasmas where it, as an energy loss mechanism, competes primarily with synchrotron radiation.
Finally, to clarify the difference between the elastic and inelastic collision operators, the reason that the principle of detailed balance does not apply in the inelastic case is that it relates the bremsstrahlung cross-section to the reverse process where a photon is absorbed (inverse bremsstrahlung). However, as we assume the plasma to be optically thin, the emitted photons will promptly leave the plasma before interacting again with the energetic electrons. The validity of this assumption is readily verified: the multi-MeV bremsstrahlung photons (having frequencies ω ω p much larger than the plasma frequency) primarily interact with the fast electrons through Compton scattering, for which the photon mean free path is of the order
is the classical electron radius. As we are interested in runaway electron beams with typical densities n RE 10 20 m −3 and typically populating space with linear dimension of order L = 1-10 m, it is clear that emitted photons will not significantly interact again with the runaway electrons (the ratio of beam dimension and photon mean free path λ being L/λ 10 −9 ). We may therefore neglect the presence of the photon distribution for the present study of runaway electron dynamics.
B. Single-particle model operator for bremsstrahlung
Due to the complexities of fully modeling bremsstrahlung interactions in the kinetic equation, we will seek a simpler form. Ad-hoc, we will assume a certain analytic form for the collision operator, and to uniquely specify its value we will demand that certain conditions -consistent with properties of the full collision operator in Eqs. (2) and (3) -are satisfied.
As we are interested in investigating the competition between accelerating electric field and bremsstrahlung as a slowing-down mechanism, it will be useful to look for a bremsstrahlung operator in the form of an effective single-particle force. Such a force would take the form of an operator
where F B can be identified as the reaction force associated with the bremsstrahlung interactions. A condition that uniquely defines F B can be found by requiring that the model operator C (m) produces the same total radiated energy as the full collision operator for an arbitrary distribution function. The energy rate of change is defined as (using m 2 e c 4 + p 2 c 2 = γm e c 2 for the particle energy)
Due to the symmetry in performing the integration over all variables, we may let (p 1 , p 2 ) ↔ (p, p ) in the first term of Eq. (2), yielding
The large mass difference between ions and electrons allows approximations to be made when calculating the energy radiated by the electron population, making it advantageous to treat the electron-ion and electron-electron interactions separately. In the electron-ion contribution, the characteristic speed of an ion in a population near equilibrium is much smaller than the electron velocities,
2T e /m e = v T e , assuming T e and T i to be of the same order. Therefore, as the differential cross-section is a function of the center-of-mass energy and hence varies over scales of order the incident electron momentum, we may approximate the ion population as delta-distributed, f i (p ) = n i δ(p ). Conservation of energy allows us to relate m e c 2 (γ − γ 1 ) = k when neglecting ion recoil effects, which are formally of order γm e /m i . Consequently, we obtain a simpler relation for the energy loss rate:
For electron-electron interactions, the expression in Eq. (2) is symmetric with respect to permutations of (p 1 , p 2 ) and (p, p ) when integrated, as we now consider identical particles. Therefore, we may replace γ by (γ + γ )/2 and γ 1 by (γ 1 + γ 2 )/2, yielding the energy rate
where now k = γ + γ − γ 1 − γ 2 . This can be simplified to a form similar to the electron-ion case under the assumption that the fast-electron population can be treated as a perturbation to a sufficiently cold equilibrium. In that case, we may write f e = f e0 + f e1 , where f e0 is the equilibrium solution and the perturbation f e1 includes the fast-electron population. In Eq. (11) we then find the term
The last term, quadratic in the perturbation, can be neglected as f e1 is assumed small. In addition, the e-e bremsstrahlung cross-section vanishes in the limit where both incident electron velocities are much smaller than the speed of light, v, v c, as in that limit bremsstrahlung reduces to dipole radiation, with a two-electron system having zero dipole moment. Therefore, as long as the electron temperature satisfies T e m e c 2 , the first term, quadratic in the equilibrium distribution, is negligible 17 . The remaining two terms can be combined due to the symmetry between p and p inside the integral, leaving the expression W c,e-e = −n eˆd p vf e (p)ˆdσ e-e k.
Here, it has further been assumed that f e0 (p) = n e δ(p), since the energies of the fast electrons far exceed the thermal energy. An elementary calculation shows that the energy moment of the model operator given in Eq. (7) is
giving the same answer as b W c,e-b for any distribution function f e , provided that we choose the bremsstrahlung reaction force as
While a component orthogonal to the momentum unit vectorp = p/p would be consistent with the condition W (m) = W c,e , it can be ruled out on a physical basis since the force arises from the interaction with spherically symmetric background particle populations (deltadistributed in our linearized high-energy limit treatment), hence lacking any preferential direction except for that of the particle motion. By the same argument the force must also be independent of pitch-angle, and therefore represents isotropic friction.
A few remarks are in order regarding the approximation used above. The form in Eq. (14) for the bremsstrahlung force is commonly employed as a simple model for electron slowing-down by bremsstrahlung 8, 9, 25 , corresponding to the so-called radiation cross section often found in the literature 1, 26 . While this form for the reaction force is both wellestablished and elementary, the derivation provided here illustrates the conditions for its validity, and also highlights the physics that is lost: in treating the bremsstrahlung collision process in the manner described above, two effects have been neglected. First, it is clear that the force operator in Eq. (7) describes only a continuous slowing-down of the electrons. Since the photons emitted in bremsstrahlung interactions often have energies of the same order as the incident electron, the slowing-down would in reality occur in leaps rather than continuously. In addition, as the photons are emitted in random directions and momentum is transferred to the target, the electrons are also deflected in the process (corresponding to a change in the pitch-angle), even though for an ensemble of electrons the angular deviation averages to zero. This would, akin to elastic Coulomb scattering, diffuse the electron distribution in momentum space, an effect which is not captured in the above treatment.
Finally, we remark that no energy is transfered from the electrons to the ions (which are assumed to be infinitely heavy), making Eq. (10) an accurate measure of the energy lost from the fast-electron population due to electron-ion bremsstrahlung radiation. However, in electron-electron interactions, energy will be transferred from the energetic electron not only to the photon, but also to the slow target particle. Therefore Eq. (11) is a lower bound for the energy loss of the fast-electron population. This can be compared to elastic scattering: since in that case k ≡ 0, the integral in Eq. (11) would vanish identically. However, electron slowing-down still occurs due to the energy transfer to the slow target electron, which would not be captured by this treatment.
Also note that, due to conservation of energy and since no energy is transfered to the ion species, W c,e denotes the total power emitted from the plasma as (bremsstrahlung) X-rays. By construction this is true also for W (m) , limited only by the validity of the linearization procedure outlined above.
C. Cross-sections for bremsstrahlung emission
In this section we give explicit expressions for the bremsstrahlung reaction force. Due to the fundamental limitations of the model operator derived in the previous section, we will seek no greater accuracy in the crosssections than that provided by the Born approximation in relativistic quantum theory. As we only consider fully ionized plasmas, we do not need to account for atomic form factors that would modify the formulas in the presence of bound electrons.
Electron-ion collisions -The cross-section for electron-ion bremsstrahlung interactions (with ions of charge Z) is given by the Bethe-Heitler formula
where q = |p 0 − k − p| denotes the magnitude of the momentum transferred to the ion, r 0 = e 2 /(4πε 0
2 , respectively. Subscript 0 denotes the incident electron, no subscript the outgoing electron, and k is the photon energy. We define θ 0 (θ) as the angle between incident (outgoing) electron and the emitted photon, while ϕ is the azimuthal angle (around the axis k) between incident and outgoing electron. The ion is assumed to be an infinitely massive scattering center, meaning that order γm e /m i recoil effects have been neglected.
This formula can be integrated analytically 28 to give the electron-ion bremsstrahlung reaction force (the sum over ion species is trivial since the ion parameters only appear in the charge factor Z 2 i multiplying the crosssection),
where
/n e is the effective charge of the plasma. In the high energy limit where p 2 ≈ γ 2 1, this expression takes the asymptotic form
where E c = n e e 3 ln Λ/4πε 2 0 m e c 2 = 4π ln Λn e r 2 0 m e c 2 /e is the critical electric field for runaway electron generation 3 , defined as the minimum electric field above which runaway electrons can be generated in the absence of loss mechanisms other than collisional friction, and ln Λ is the Coulomb logarithm.
Electron-electron collisions -For e-e collisions, the full expression for the bremsstrahlung cross-section valid at all energies is unwieldy 29 . We will instead use the high-energy limit which, when integrated, yields a bremsstrahlung force of the same form as Eq. (17) but with Z eff = 1.
We then obtain for the full bremsstrahlung reaction, accounting for electron-ion and electron-electron interactions,
This is the formula commonly used in the literature for the electron bremsstrahlung stopping power, for example given in Ref. 27 , and used in Refs. 8, 9, and 14 to study electron slowing-down in plasmas. We can compare this expression for the force to a more accurate formula derived in Ref. 25 , which was developed as a fit to numerical evaluations of the full bremsstrahlung cross-section in the Born approximation. These expressions are shown in Fig. 1 for the case Z eff = 3 and ln Λ = 15, together with the friction force due to elastic Coulomb collisions. It is seen that the agreement between our high-energy limit formula and the more accurate expression is excellent in the entire region where bremsstrahlung losses are significant compared to collisional friction. Due to the rapid fall-off of the bremsstrahlung force at low energy, the minimum friction is barely modified by the inclusion of bremsstrahlung losses, hence the critical electric field for runaway generation should largely be unaffected by its addition (certainly negligible within the order 1/ ln Λ E k (MeV) 
accuracy of the Fokker-Planck equation).

D. Kinetic equation and implementation in CODE
We wish to describe the time evolution of fast-electron populations under the influence of elastic and inelastic collisions, quasi-static electric fields and radiation reaction forces. We shall consider only plasmas where the Coulomb logarithm is large (ln Λ 10) such that a Fokker-Planck treatment of the elastic Coulomb collisions is appropriate.
For the runaway problem we use a relativistic 0D+2V kinetic (Fokker-Planck) equation for the electron distribution,
Here p = γm e v is the relativistic electron 3-momentum, F L is the Lorentz force, while F S and F B denote the radiation reaction forces associated with synchrotron and bremsstrahlung radiation, respectively. The collision operators C ei and C ee describes the effect of elastic Coulomb collisions with ions and electrons. As we consider magnetized plasmas, the equation has been averaged over the gyro-motion (represented by the brackets), with
where p = |p|, Ē is the electric field and the subscript denotes the Cartesian component parallel to the magnetic field, ξ = p /p is the pitch-angle cosine, and the characteristic radiation reaction time scales τ S and τ B for synchrotron and bremsstrahlung respectively are
where B is the magnetic field strength and τ c = m e c/(eE c ) is the characteristic time scale of elastic collisions for relativistic electrons of energy much greater than the thermal energy. A detailed derivation of this particular form of the kinetic equation can be found, e.g., in Ref. 10 . Note that the same kinetic equation is valid also for cylindrically symmetric unmagnetized plasmas (B = 0) , with then denoting the direction of the electric field. Equation (19) has been implemented in the numerical initial-value Fokker-Planck solver CODE 15 , which is used for all numerical results presented in this work.
As we are interested in the momentum space dynamics of the runaway electrons, only the test-particle part of the linearized electron-electron collision operator C ee is retained. The ions are assumed to be stationary and infinitely massive, and C ei therefore only describes pitch-angle scattering, while C ee is an asymptotic matching of the non-relativistic test-particle operator and the high-energy limit of the relativistic test-particle operator, yielding good agreement with the exact operator across the full energy range.
In the following, we will use a parameter σ to characterize the relative strength of the synchrotron reaction force compared to collisions. It is defined as the ratio of the characteristic time-scales, and is given by
III. GENERAL EFFECT OF RADIATION REACTION ON THE ELECTRON DISTRIBUTION FUNCTION
It was recently shown that the inclusion of the synchrotron radiation reaction force in the kinetic equation could induce the formation of non-monotonic features (a "bump") in the high energy tail of the electron distribution 10, 11 . The formation of such bumps is a consequence of the interplay between an accelerating force (the electric field, E > E c ) and the presence of an effective friction which increases with particle energy and pitch-angle 11 . The presence of the bump effectively limits the maximum energy obtained by the runaways. Since our bremsstrahlung radiation reaction force is isotropic, it does not exhibit the same pitch-angle dependence as the synchrotron force. However, it will act to reduce the particle momentum, thereby also limiting the maximum attainable particle energy. Therefore, inclusion of bremsstrahlung radiation reaction is also expected to result in the formation of a bump. Figure 2 shows examples of the electron distribution function, calculated using CODE, with synchrotron (S), bremsstrahlung (B), and both synchrotron and bremsstrahlung (S+B) radiation reaction effects included. Non-monotonic features are clearly formed in all three cases, but their characteristics are significantly different. In the case of synchrotron radiation only, the bump is not very pronounced and does not significantly restrict the runaway energy (for the parameters used), leading to a drawn-out tail. In contrast, the bremsstrahlung-only bump is a sharp feature, accompanied by strong gradients in p and significant spreading in pitch. The combined effect of synchrotron and bremsstrahlung radiation reaction leads to a bump that has a large extension in p || , but which is clearly defined and efficiently limits the maximum particle energy. It thus exhibits features from both the pure-synchrotron and pure-bremsstrahlung bumps, but is accompanied by a strong reduction in the particle energy at the bump peak (what we will refer to as the bump location), compared to the other two cases.
The dynamics in the presence of both synchrotron and bremsstrahlung forces can be understood by the following argument: the synchrotron reaction force, proportional to p 2 ⊥ at large energies, acts mainly to limit the perpendicular momentum of the fast electrons, while allowing them to accelerate in the parallel direction. However, once the electrons reach an energy for which F B +|eE | < 0 the spherically symmetric bremsstrahlung reaction force will stop them from being further accelerated in the parallel direction. As the electron distribution builds up in this region of momentum space, the increasing perpendicular gradient will cause a diffusive perpendicular momentum flux of electrons due to pitchangle scattering, making the synchrotron force increasingly significant. This suppresses further expansion in the perpendicular direction.
The distributions shown in Fig. 2 are no longer changing -the system has evolved long enough for the distribution in Figs. 2b and c to reach steady-state. In Fig. 2a , the distribution is in a quasi-steady state. In this case, the numerical grid is not large enough to contain the complete distribution, and as a consequence there is a constant outflow through the boundary of the simulation domain.
IV. RELATIVE IMPORTANCE OF BREMSSTRAHLUNG AND SYNCHROTRON RADIATION REACTION
A. Analytical estimate
As shown in the previous section, both synchrotron and brehmsstrahlung radiation reaction can have a strong effect on the distribution function. In many scenarios, however, one of them will be dominant. It is thus informative to find an approximate condition to determine the relative importance of these mechanisms. This may be accomplished by comparing the location of the local maximum produced in the runaway tail for the two radiationreaction forces separately (while neglecting the effect of the other). For energies greater than this maximum, the distribution exhibits a rapid decay with energy; hence the location of the maximum can be regarded as an approximate upper limit for the electron energy (for the case of pure synchrotron losses, the parallel width of the bump can be significant as illustrated in Fig. 2 , but the decay is asymptotically exponential with energy 10 and the probability of finding particles with energies much larger than the location of the maximum is low).
In Ref. 10, the particle momentum at the location of the maximum of the bump formed in the runaway tail due to the synchrotron reaction force was investigated. 5 τee. The plotted quantity is log 10 (f ), wheref is the distribution normalized so thatf (p = 0) = 1.
In the high energy limit, a lower bound in p,
was derived (where σ is given by Eq. 25). While the synchrotron force does not depend on Z eff directly (since it is not a collisional effect), the synchrotron power radiated by an electron depends strongly on its pitch angle. The effective synchrotron force on a distribution of electrons is therefore directly proportional to the pitch-angle scattering term in the kinetic equation (as demonstrated in Ref. 10 and exhibited by Eq. 26), which does scale with the effective charge. We can find a similar estimate for the maximum electron energy in the presence of bremsstrahlung (neglecting synchrotron effects) by considering force balance on a test particle. There are primarily three forces acting on an electron in the high energy limit: the accelerating force of the parallel electric field, collisional friction, and the bremsstrahlung reaction force. The maximum electron energy can be expected to approximately coincide with the momentum for which the forces balance, above which friction will be greater than the accelerating electric field. This yields the condition
where we have used the high energy limit of both the bremsstrahlung reaction and collisional friction forces. Location of the bump in the distribution tail, induced by bremsstrahlung radiation reaction, for various combinations of density, electric field strength and effective charge. Symbols represent distributions obtained using CODE after t = 5 · 10 5 τee, with Te = 10 keV and neglecting synchrotron radiation reaction. The dashed and solid lines are the corresponding estimates for the bump location given by Eq. (28), using γ0 corresponding to 100 MeV and taken from the location of the CODE bump, respectively. The agreement when using the more accurate value for γ0 is excellent, but also the more rough value gives a good estimate for the actual bump location.
We may find a simple expression by recognizing that in the last term, the logarithm varies slowly with energy and may be replaced by a characteristic value ln 2γ 0 , where γ 0 represents a typical energy scale for the local maximum of the runaway tail. Solving for p 0B ≈ γ gives
This estimate for the location of the bump shows good agreement with distributions obtained using CODE, as demonstrated in Fig. 3 . It can be expected that bremsstrahlung will have a significant effect on the distribution (as compared to synchrotron radiation) when p 0B p 0S , giving the condition
The left-hand side is typically of order 10 3 , thus corresponding to small values of σ. Therefore it is justified to neglect the term σ appearing in the numerator, and by inserting its definition from Eq. (25) we obtain a condition relating the magnetic field strength and electron density,
With the electron density expressed in units of 10 20 m −3
and magnetic field expressed in Tesla, we find that bremsstrahlung effects become significant in limiting the maximum energy of runaway electrons for densities above
For a typical location of the maximum electron energy at around E k = 100 MeV, we obtain n e,lim [10
2 . In Ref. 14 a similar condition was derived, showing a similar order of magnitude on the density n e,lim , but incorrectly suggesting that bremsstrahlung will be more important for larger Z eff . The reason for this is that the test-particle picture employed in Ref. 14 does not accurately describe the pitch-angle scattering, hence the resulting synchrotron emission is underestimated.
In present day tokamak experiments, n e 10 20 m −3
and B 1 T, indicating that the effect of bremsstrahlung radiation reaction is generally negligible. It will typically impose an energy limit an order of magnitude larger than that at which the synchrotron reaction force takes effect. Note, however, that Eq. (26) for the location of the distribution maximum caused by synchrotron radiation is a lower limit, accurate only to within a factor ∼ 5 when compared to numerical results. This acts in favor of the importance of bremsstrahlung, so that a simple rule of thumb for the importance of bremsstrahlung effects (in place of Eq. 31) is
It should be noted that in partially ionized plasmas containing high atomic number impurities, such as those produced during disruption mitigation scenarios with Massive Gas Injection in tokamaks, the bremsstrahlung will be enhanced compared to the expressions given here due to highly energetic electrons penetrating the charged cloud of electrons around the atomic nuclei. This effect is described by an atomic form factor which multiplies the cross-section formulas 30 . However, the same is true for elastic Coulomb collisions, as described in Ref. 31 , leading to enhanced pitch-angle scattering with the consequence that the synchrotron force experiences a similar increase in efficacy. The enhanced scattering is thus not expected to significantly shift the balance between the bremsstrahlung and synchrotron forces. A full treatment of these effects, however, requires a detailed description of the atomic physics involved and is beyond the scope of this paper.
Curvature-induced synchrotron losses -It should be pointed out that, while the above is valid for straight field-line geometry, additional effects come into play in toroidal geometry. An additional energy loss through synchrotron radiation caused by the acceleration of the guiding center due to the toroidicity adds a frictional term similar to the bremsstrahlung radiation friction. In the high-energy limit, as derived in Ref. 7 , this orbitinduced synchrotron radiation term takes the form dp
where ρ 0 = m e c/eB and R is the average radius of curvature of the magnetic field. To determine when this effect is important compared to the bremsstrahlung losses, we may investigate at what electron energy the two reaction forces become equal. Assuming that, for a runaway electron, it is valid to replace p ≈ p ≈ γm e c, setting the loss terms as equal yields the condition
where we have assumed γ 1. Inserting numerical values for natural constants, we find
Assuming a characteristic ln 2γ = ln 200 ≈ 5.3 -corresponding to runaway electron energies of approximately 50 MeV -we find that bremsstrahlung losses dominate orbit-induced synchrotron losses for relativistic factors smaller than
As we have previously indicated, bremsstrahlung radiation loss will be insignificant compared to the gyromotion-induced synchrotron radiation loss unless n e [10 20
In tokamak plasmas this will primarily be the case during massive gas injection scenarios. Assuming a hypothetical ITER massive gas injection with Z eff = 10, n e = 10 21 m −3 and R = 5 m, we find that bremsstrahlung radiation loss will be dominant (as compared to the orbit synchrotron radiation loss) for all electrons with γ 560, or energy lower than approximately 300 MeV. As a consequence, in typical scenarios of interest the orbit-induced synchrotron radiation loss will not affect our conclusions, although some care must be taken to ensure that expected runaway-electron energies are far from the threshold energy indicated by Eq. (36).
We may note that, unlike the synchrotron radiation caused by the gyromotion which is sensitive to pitchangle scattering, the orbit-induced radiation loss tends to be less significant in comparison to bremsstrahlung radiation loss as the plasma effective charge increases. Its effect is also independent of magnetic field strength (cancelation occurring between τ S and ρ 0 ), and thus only depends on particle energy and radius of curvature.
B. Numerical results
As discussed in Section III, bremsstrahlung effects can significantly reduce the average runaway energy under those circumstances where it leads to a bump at lower particle energies than when considering only synchrotron radiation reaction. This shift in bump-on-tail location is one of the indicators of the importance of bremsstrahlung effects, and to quantify it we use CODE to study timeasymptotic electron distributions, for a variety of plasma parameters. Although the (quasi-)steady-state distribution function is not always of practical relevance in applications because of the time scales involved, this method allows us to quantify the relative importance of synchrotron and bremsstrahlung effects in a robust way. Numerical distributions have been calculated for a variety of parameter sets, with parameters in the ranges: , 5] and E/E c ∈ [1.5, 5], with and without bremsstrahlung radiation reaction included, for T e = 10 keV. The results were analyzed after 5 · 10 5 thermal collision times, giving the distributions ample time to reach steady state. Figure 4 shows a comparison of the location of the bump feature, with and without bremsstrahlung effects. Only data points where the entire bump was contained on the numerical grid in both the synchrotron-only and synchrotron-and-bremsstrahlung cases are included, and bumps located at energies below 9 MeV were omitted. The figure shows that the bump appears at lower energies as the density increases, with the change becoming significant for n e [10
2 of order unity. This is in good agreement with the rule-of-thumb discussed in Section IV A. There is also no discernible dependence of the results on Z eff , although the magnitude of the effect at a given n e /B 2 increases with increasing E/E c . While this dependence on the electric field is not explicitly de- scribed by the formulas derived in the previous section, it is not inconsistent with our treatment. This is because Eq. (26) describes only an approximate lower limit, correct within an order-unity coefficient that can depend on the other parameters. By numerically investigating the parametric dependence on the electric field strength, we find that a more accurate condition for the importance of bremsstrahlung effects is given by
as illustrated in Fig. 5 . Another indicator of the relative importance of synchrotron and bremsstrahlung effects is the ratio of the power radiated by the two processes, as the process taking away the most energy is likely to have the largest impact on the distribution function. Looking directly at the distribution function can also provide important insight. Comparing the distributions in Fig. 7b (synchrotron and bremsstrahlung) to those in Fig. 7a (synchrotron only) , it is clear that for the lowest densities shown, the distributions are very similar. The effect on the distribution is thus synchrotron-dominated in this case. For higher densities, the distributions do however become increasingly 
V. CONCLUSIONS
The effect of bremsstrahlung on the runaway electron distribution was investigated by extending the 2D Fokker-Planck equation solver CODE with a simplified description of the bremsstrahlung process, allowing rapid calculations. This method provides qualitative insight into the effect of bremsstrahlung on the distribution function, and allows for quantitative predictions of the maximum energy attainable by runaway electrons. In particular we have investigated the effect of bremsstrahlung radiation losses in combination with synchrotron radiation losses.
We show that the inclusion of bremsstrahlung losses leads to non-monotonic ("bump") features in the electron distribution function. Similar features have previously been described in the presence of synchrotron radiation, but bremsstrahlung leads to much stronger gradients in the magnitude of the momentum, as well as more significant spreading in pitch-angle. The combined effect of synchrotron and bremsstrahlung therefore leads to a bump that limits the particle energy more efficiently than in the case of pure synchrotron radiation reaction. From force balance considerations we derived an expression for the maximum electron energy, which shows excellent agreement with numerical simulations using CODE.
We show that if the condition (E/E c )n e [10 20 m
2 is fulfilled, the effect of bremsstrahlung radiative losses on the electron distribution function are expected to be more important than synchrotron radiative losses. The importance of bremsstrahlung compared to synchrotron was found to be insensitive to plasma composition due to the similar parametric dependence on ion species of the bremsstrahlung reaction rate and pitchangle scattering (related to the efficacy of synchrotron losses). This means that for typical tokamak-runaway scenarios we expect synchrotron radiation losses to dominate. In an ITER-like plasma with B 5 T, for example, the required electron density for significant stopping power due to bremsstrahlung (as compared to synchrotron losses) is of order n e = 3·10 21 m −3 , which is significantly larger than the expected operational density of order n e = 1 · 10 20 m −3 . However, in the case of massive gas injection for disruption mitigation, density increases of this order are possible, and in such scenarios it will be important to account for the bremsstrahlung losses, as well as synchrotron radiation losses, when modeling the slowing-down of fast electrons.
Note, finally, the limitations of the present study; we have considered steady-state solutions of the distribution function at low electric fields (E/E c of order unity), where particle fluxes in momentum space are in balance. In transient processes, such as the initial slowing-down following a spike in the electric field strength, or other acceleration process, it is conceivable that the balance between bremsstrahlung and synchrotron losses is temporarily shifted before quasi-equilibrium is established. This typically happens on a time-scale of a few (relativistic) collision times τ c = 4πε A more sophisticated treatment accounting for the finite photon energies is likely to lead to a broader bump on the runaway tail due to the diffusive nature of the resulting electron motion. However, we expect the qualitative trends (bump-on-tail formation, approximate location of the local maximum) to be well represented by the model adopted here. Finally, we have restricted this study to consider only fully ionized plasmas. In post-disruption plasmas with runaway mitigation by massive gas injection of high-Z atoms, where temperatures are often below 10 eV, both the bremsstrahlung and elastic scattering cross-sections are modified to account for the presence of bound electrons, due to incomplete screening of the charged nucleus at large incident energies. These effects would act to increase both the synchrotron (because of enhanced pitch-angle scattering) and bremsstrahlung losses compared to the predictions of our model, and a more detailed description of the atomic physics involved would be required for a more accurate simulation of such scenarios.
